This paper constructs a planar graph G 1 such that for any subgraph H of G 1 with maximum degree ∆(H) ≤ 3, G 1 − E(H) is not 3-choosable, and a planar graph G 2 such that for any star forest F in G 2 , G 2 − E(F ) contains a copy of K 4 and hence G 2 − E(F ) is not 3-colourable. On the other hand, we prove that every planar graph G contains a forest F such that the Alon-Tarsi number of G − E(F ) is at most 3, and hence G − E(F ) is 3-paintable and 3-choosable.
Introduction
Assume G is a graph and d is a non-negative integer. A d-defective colouring of G is a colouring φ of the vertices of G such that each colour class induces a subgraph of maximum degree at most d. A 0-defective colouring of G is also called a proper colouring of G.
A k-list assignment of a graph G is a mapping L which assigns to each vertex v of G a set L(v) of k permissible colours. Given a k-list assignment L of G, a d-defective L-colouring of G is a d-defective colouring φ of G such that φ(v) ∈ L(v) for each vertex v of G. We say G is d-defective k-choosable if G has a d-defective L-colouring for every k-list assignment L. We say G is k-choosable if G is 0-defective k-choosable. The choice number χ (G) of a graph G is defined as the least integer k such that G is k-choosable.
Defective list colouring of graphs has been studied a lot in the literature. It was proved in [3] that every outerplanar graph is 2-defective 2-colourable and every planar graph is 2-defective 3-colourable. These results were generalized in [5] and [14] , where the authors proved independently that every outerplanar graph is 2-defective 2-choosable and every planar graph is 2-defective 3-choosable. Both papers [5] and [14] asked the question whether every planar graph is 1-defective 4-choosable. One decade later, Cushing and Kierstead [4] answered this question in affirmative.
On-line version of defective list colouring was first studied in [9] . It is defined through a two-person game. Given a graph G and non-negative integers d, k, the d-defective k-painting game on G is played by two players: Lister and Painter. Initially, each vertex of G has k tokens and is uncoloured. In each round, Lister selects a set U of uncoloured vertices and takes away one token from each vertex in U . Painter selects a subset X of U such that the induced subgraph G [X] has maximum degree at most d, and colours all the vertices of X. If at the end of some round, there is an uncoloured vertex with no token left, then Lister wins the game. Otherwise, at the end of some round, all the vertices are coloured and Painter wins the game. We say G is d-defective k-paintable if Painter has a winning strategy in this game. We say G is k-paintable if G is 0-defective k-paintable. The paint number χ P of G is defined as the mimimum k such that G is k-paintable.
It follows from the definition that if G is d-defective k-paintable then G is d-defective k-choosable. The converse is not necessarily true. It was proved in [9] that every outerplanar graph is 2-defective 2-paintable and for every surface Σ, there is a constant w such that every graph embedded in Σ with edge-width at least w is 2-defective 4-paintable. In particular, every planar graph is 2-defective 4-paintable. It was shown in [6] that every planar graph is 3-defective 3-paintable, but there are planar graphs that are not 2-defective 3-paintable. The problem whether every planar graph is 1-defective 4-paintable remained open for a while, and recently the problem is settled. As a consequence of the main result in [8] , every planar graph is indeed 1-defective 4-paintable.
The main result in [8] is about the Alon-Tarsi number of subgraphs of a planar graph. Assume G is a graph. We associate to each vertex v of G a variable x v . The graph polynomial P G (x) of G is defined as
where x = {x v : v ∈ V (G)} denotes the sequence of variables ordered according to some fixed linear ordering '<' of the vertices of G. It is easy to see that a mapping φ : V → R is a proper colouring of G if and only if P G (φ) = 0, where P G (φ) means to evaluate the polynomial at x v = φ(v) for v ∈ V (G). Thus to find a proper colouring of G is equivalent to find an assignment of x so that the polynomial evaluated at this assignment is non-zero.
Assume now that f (x) is any real polynomial with variable set X. Let η be a mapping which assigns to each variable x a non-negative integer η(x). We denote by x η the monomial x∈X x η(x) determined by mapping η, which we call then the exponent of that monomial. Let c f,η denote the coefficient of x η in the expansion of f (x) into the sum of monomials. The Combinatorial Nullstellensatz of [1] asserts that if x∈X η(x) = degf and c f,η = 0, then for arbitrary sets A x assigned to variables x ∈ X with |A x | ≥ η(x) + 1, there exists a mapping φ : X → R such that φ(x) ∈ A x for each x ∈ X and f (φ) = 0.
In particular, Combinatorial Nullstellensatz implies that if c P G ,η = 0 and η(x v ) < k for all v ∈ V , then G is k-choosable. This is now a main tool in the study of list colouring of graphs. This result was strengthened by Schauz [12] , who showed that under the same assumptions, the graph G is also k-paintable. Jensen and Toft [11] defined the Alon-Tarsi number (AT number for short) AT (G) of a graph G as
As discussed above, for every graph G,
As observed in [10] , apart from being an upper bound for the choice number and the paint number, the Alon-Tarsi number of a graph has certain distinct features and is a graph invariant of independent interests. It is known [7] that the gaps between AT (G) and χ P (G), and between χ P (G) and χ (G), can be arbitrarily large. Nevertheless, upper bounds for the choice numbers of many classes of graphs are also upper bounds for their Alon-Tarsi number. For example, Thomassen [13] proved that every planar graph is 5-choosable. As a strengthening of this result, it was shown in [15] that every planar graph G satisfies AT (G) ≤ 5. Recently, the following result was proved in [8] . This theorem implies that every planar graph G is 1-defective 4-paintable, however, it says something more. To prove that G is 1-defective 4-paintable, we need to show that Painter has a winning strategy in the 1-defective 4-painting game. This means that no matter what are Lister's moves, Painter can construct a colouring of G, so that the edges that are not properly coloured form a matching M . This matching M depends on Lister's move. However, Theorem 1.1 asserts that there is such a matching M that does not depend on Lister's moves. Similarly, to prove that every planar graph G is 1-defective 4-choosable, it amounts to show that for any 4-list assignment L of G, there is a matching M such that G−M is L-colourable. In the proof of this result in [4] , the choice of the matching M depends on L. However, Theorem 1.1 implies that there is a matching M that works for all 4-list assignments L.
The result that every planar graph is 2-defective 3-choosable means that for every 3-list assignment L of a planar graph G, there is a subgraph H of G with maximum degree ∆(H) ≤ 2 such that G − E(H) is L-colourable; the result that every planar graph is 3-defective 3-paintable means that for any Lister's moves in the painting game of a planar graph G with each vertex having 3 tokens, Painter can colour G so that the edges that are not properly coloured form a subgraph H of maximum degree ∆(H) ≤ 3. The subgraphs H described above depends on the list assignment L or on the Lister's moves in the game. A natural question is whether there is such a subgraph H that works for all list assignments L or for all Lister's moves. Even more ambitiously, one can ask whether every planar graph G has a subgraph H of maximum degree at most 3 such that G − E(H) has AlonTarsi number at most 3.
In this paper, we construct a planar graph G 1 such that for any subgraph H of G 1 with maximum degree at most 3, G 1 − E(H) is not 3-choosable. This provides negative answers to all the questions above. We also construct a planar graph G 2 such that for any star-forest F of G 2 , G − E(F ) contains a copy of K 4 and hence is not 3-colourable. On the other hand, we prove that every planar graph G has a forest F such that G − E(F ) has Alon-Tarsi number at most 3. It remains an open problem whether there is a constant d, every planar graph has a subgraph (or a forest) H of maximum degree at most d such that G − E(H) is 3-choosable, or 3-paintable or has AlonTarsi number at most 3. If the answer is yes, then what is the smallest such constant d?
Examples of planar graphs
Let J 1 and J 2 be the two graphs depicted in Figure 1 . For i = 1, 2, the edge ab in J i is called the handle of J i .
Let J be the set of graphs obtained from the disjoint union of 6 copies of J 1 or J 2 by identifying the edges corresponding to ab from each copy. For each G ∈ J, let c i , d i , e i be the vertices corresponding to c, d, e, respectively, for i ∈ [6] , and the edge ab in G is called the handle of G. (See Figure 2. ) Lemma 2.1 Every graph G ∈ J is not 3-choosable. 
Proof.
We will define a 3-list assignment of G using colours α, β, γ and ω as follows. Let (x i , y i , z i ) i=1,...,6 be the six permutations of the colour set {α, β, γ}.
• L(a) = L(b) = {α, β, γ}.
• For each i ∈ [6], L(c i ) = {α, β, γ} and L(e i ) = {x i , y i , ω}.
•
Suppose there exists an L-colouring φ of G. We may assume that φ(a) = α and φ(b) = β. Without loss of generality, let x 1 = α and y 1 = β. Since L(c 1 ) = {α, β, γ} and L(e 1 ) = {x 1 , y 1 , ω} = {α, β, ω}, we have φ(c 1
This leads to a contradiction. Therefore G is not 3-choosable.
2
Let J 3 be the graph depicted in Figure 3 .
Lemma 2.2
Assume H is a subgraph of J 3 with maximum degree at most three. If H does not contain any edge incident with a or b, then J 3 − E(H) contains K 4 , or a subgraph isomorphic to J 1 or J 2 with handle ab. 
Proof.
Assume H is a subgraph of J 3 which does not contain any edge incident with a or b. If any of the edges cd, de, ef, f g is not contained in H, then J 3 − E(H) contains K 4 and we are done. Thus we assume H contains {cd, de, ef, f g}. If H contains neither hd nor he, then the edge set {ab, ad, ah, ae, hd, he, bd, be} induces a copy of J 1 with handle ab in J 3 − E(H) and we are done. So we assume that H contains hd or he. Similarly, H contains ie or if , jd or je, and ke or kf . Therefore |E(H) ∩ {hd, he, ie, if, jd, je, ke, kf }| ≥ 4. Since every edge in {hd, he, ie, if, jd, je, ke, kf } is incident with d, e or f , it follows from the pigeonhole principle that one of d, e and f is an end of at least two edges in E(H)∩{hd, he, ie, if, jd, je, ke, kf }. It implies that one of d, e and f has degree at least four in H because the edges cd, de, ef and f g are already contained in H, which yields a contradiction. This completes the proof. 2
Let S be the graph obtained from nine copies of J 3 by identifying the edges corresponding to ab from each copy. It is obvious that S is a planar graph. The edge ab in S is called the handle of S. We obtain the following as a corollary of Lemma 2.2.
Corollary 2.3
Assume H is a subgraph of S with maximum degree at most three. If H does not contain any edge incident with a in S, then S − E(H) contains K 4 or a member of J as a subgraph.
Proof. Let S 1 , S 2 , . . . , S 9 be the distinct subgraphs of S isomorphic to J 3 with handle ab. Since H has maximum degree at most three, and H does not contain any edge incident with a in S, there are 1 ≤ i 1 < . . . < i 6 ≤ 9 such that every edge incident with b in S i j is not contained in H for j ∈ [6] . Without loss of generality, let i j = j for j ∈ [6] . Then, by Lemma 2.2, for each j ∈ [6], S j − E(H) contains K 4 or a subgraph isomorphic to J 1 or J 2 The graph A consists of three disjoint paths P 1 , P 2 , P 3 on 4 vertices and adjacent vertices x and y such that {x, y} is complete to
with handle ab. We are done if S j − E(H) contains K 4 , so, we may assume that S j − E(H) has a subgraph S j isomorphic to J 1 or J 2 with handle ab. Then, combining S j for j ∈ [6], we obtain a subgraph of S−E(H) isomorphic to a member of J. This completes the proof. 2
Now, we construct a graph G 1 such that for every subgraph H of G 1 with maximum degree at most 3, G 1 − E(H) is not 3-choosable as follows: Start with a star with four leaves v 1 , v 2 , v 3 , v 4 and center c, and for each i ∈ [4], we add a copy of S with handle cv i to the star. That is, G 1 consists of four edge-disjoint copies S 1 , S 2 , S 3 , S 4 of S where the handle of S i is cv i for i ∈ [4].
Theorem 2.4 For every subgraph
H in G 1 with ∆(H) ≤ 3, G 1 − E(H) is not 3-choosable.
Proof.
Let H be a subgraph in G 1 with ∆(H) ≤ 3. We claim that G 1 − E(H) contains K 4 or a member of J. Then, by the fact that K 4 is not 3-colourable (so not 3-choosable) and Lemma 2.1, Theorem 2.4 follows. By adding isolated vertices to H, we consider H as a spanning subgraph of G with maximum degree at most three. Since c has degree at most three in H, there exists i ∈ [4] such that H does not contain any edge incident with c in S i . Then, by Corollary 2.3, S i − E(H) contains K 4 or a member of J. This completes the proof.
Next, we show that there is a planar graph G 2 such that for any starforest F of G 2 , G 2 − E(F ) contains K 4 and hence is not 3-colourable.
Let A be the graph depicted in Figure 4 . In A, the edge xy is called the handle of A. Assume F is a star forest. By a center of F , we mean the center of some component of F . If K 2 = uv is a component of F , we arbitrarily choose one of u, v as the center.
Lemma 2.5 Assume F is a star forest in A. If neither x nor y is a center of F , then A − E(F ) contains K 4 .
Since every center of F is contained in
there is some i ∈ [3] such that none of the edges between {x, y} and V (P i ) is contained in F . Since F does not contain a path on 4 vertices, there is an edge uv ∈ E(P i ) − E(F ). Then, all edges with both ends in {x, y, u, v} remain in G − E(F ), and they induce K 4 . This proves Lemma 2.5.
2 Theorem 2.6 There exists a planar graphs G 2 such that for every star forest
Proof. Let D be the graph depicted in by attaching, for each edge e of D, a copy of A with handle e to D. By the construction of G 2 , we know that G 2 contains 18 edge-disjoint copies of A where the handle of each copy is an edge of D. For each e ∈ E(D), let A e be the copy of A in G 2 with handle e.
Suppose, for the sake of contradiction, that there exists a star forest
For every edge e of D, at least one end of e is a center of F , since otherwise, A e − E(F )(⊆ G 2 − E(F )) contains K 4 by Lemma 2.5. Since {a, b, c, d} induces K 4 , at least three of them are centers of F . Without loss of generality, we assume that a, b and c are centers of F . Then, the edges ab, bc and ca are not contained in F since there is no edge in a star forest joining two centers. If none of {ad, bd, cd} is contained in F , then {a, b, c, d} induces K 4 in G 2 − E(F ). Hence, {ad, bd, cd} ∩ E(F ) = ∅. This implies that d is not a center since a, b, c are centers of F , so, exactly one of {ad, bd, cd} is contained in F . Without loss of generality, we may assume that ad ∈ E(F ). Now, since d is not a center of F , z must be a center of F . So, bz and cz are not contained in F . And since ad is in F and d is not a center of F , dz is not contained in F . Thus every edge with both ends in {b, c, d, z} is not contained in F . Therefore, {b, c, d, z} induces K 4 in G 2 − E(F ). This completes the proof of Theorem 2.6. Note that it is obvious that Theorem 3.1 follows from Lemma 3.3 below. Lemma 3.3 Assume G is a plane graph of which boundary is a simple cycle. Suppose every interior face of G is a triangle. Then, for any boundary edge e = xy of G, there exists a forest F in G containing e such that G = G − E(F ) has a nice orientation D for (G, e, F ).
We prove the lemma by induction on |V (G)|. It is trivial when |V (G)| = 3.
Assume |V (G)| > 3. Let C be the boundary cycle of G. We consider the following two cases.
Case 1: C has a chord uv.
There are two internally disjoint paths P 1 and P 2 from u to v in C. For i = 1, 2, let C i be the cycle consisting of P i and uv, and G i be the plane subgraph of G bounded by C i . Without loss of generality, we assume xy ∈ E(G 1 ). Clearly, G 1 and G 2 are plane graphs with interior faces being triangles, their boundaries are simple cycles, and furthermore, e(G 1 ), e(G 2 ) < e(G). So, we can apply the induction hypothesis to (G 1 , xy) and (G 2 , uv), and we obtain forests F 1 in G 1 and F 2 in G 2 such that
• xy ∈ E(F 1 ), and G 1 −E(F 1 ) has a nice orientation D 1 for (G 1 , xy, F 1 ), and
• uv ∈ E(F 2 ), and G 2 −E(F 2 ) has a nice orientation D 2 for (G 2 , uv, F 2 ).
Let G 2 = G 2 − uv, and
, and we can consider D 2 as an orientation of G 2 − E(F 2 ). Clearly, G 1 and G 2 are edge-disjoint, and F 1 and F 2 are edge-disjoint. So, D = D 1 ∪ D 2 is well-defined and forms an orientation of G(= G 1 ∪ G 2 ), and since u and v are contained in distinct components of F 2 , it follows that F = F 1 ∪ F 2 is a forest containing xy. We claim that D is a nice orientation of G − E(F ) for (G, xy, F ).
Since d Case 2: C has no chord.
So, we have
Let z( = y), w be the vertices of C such that x, z, w are consecutive in C. (It is possible that w = y.) Since every interior face of G is a triangle, the neighbors of z in G forms a path P from x to w. Since |V (G)| > 3 and G has no chord, P has length at least two. Now we consider the graph
Clearly, G is a plane graph with interior faces being triangles and its boundary is the cycle obtained from C by removing z and adding P . Furthermore, e(G ) < e(G). Hence, by the induction hypothesis, there is a foreset F in G containing xy where G − E(F ) has a nice orientation D for (G , xy, F ). Let F = F ∪ {zw}. Clearly, F is a forest in G containing xy. We extend D to an orientation of G − E(F ) by adding { − → zx} and { − → uz | u ∈ V (P ) \ {x, w}}. We claim that D is a nice orientation of G − E(F ) for (G, xy, F ). Next, we will show that Condition (1) of Definition 3.2 holds. Let H be a directed cycle in D. If H contains any arc from V (P ) to z, then H must pass x since x is the only out-neighbor of z. But, this is not possible since d 
